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This work focuses on robustness of model-predicti®e control with respect to satisfac-
tion of process output constraints. A method of impro®ing such robustness is presented.
The method relies on formulating output constraints as chance constraints using the
uncertainty description of the process model. The resulting on-line optimization problem
is con®ex. The proposed approach is illustrated through a simulation case study on a
high-purity distillation column. Suggestions for further impro®ements are made.

Introduction

Robustness is a highly desirable property for process con-
trol systems. Qualitatively speaking, a controller is robust if it
results in actual closed-loop behavior that does not deviate
unacceptably from the nominal closed-loop behavior, which,
in turn, corresponds to a nominal process behavior. For ex-
ample, a model-based controller results in robust closed-loop
stability if the closed loop is stable, even if there is a discrep-
ancy between the model used by the controller and the actual
process behavior. The extent of such discrepancy for which
closed-loop stability is maintained corresponds to the degree
of robustness of that controller. Although necessary, robust
stability is usually not sufficient for good controller perfor-
mance. Other closed-loop properties may have to be main-
tained in the presence of a discrepancy between the nominal
behavior of a process and its actual one. For instance, the

Žresulting regulation error magnitude such as its 2-norm or
.`-norm in a feedback loop has to remain ‘‘small’’ in the

presence of nominalractual process behavior discrepancy.
Such a requirement is frequently referred to as robust perfor-
mance. Along with robust stability, robust performance, as
defined in the previous sentence, has been studied exten-
sively. However, as just explained, there are many more prop-
erties that capture closed-loop performance. One such prop-
erty, particularly important for constrained model-predictive

Ž .control MPC systems, is the satisfaction of various inequal-
ity constraints.

Inequality constrained MPC systems rely on the on-line
optimization of an objective function over a future moving
horizon, subject to various constraints. At each time step,
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process measurements are used to formulate the on-line opti-
mization problem whose solution determines an optimal in-
put, which is fed to the process.

The robustness of unconstrained MPC has been studied
extensively. Since an unconstrained MPC system is equiva-
lent to a linear time-invariant system, robust unconstrained
MPC analysis and synthesis methods relying on either time-
domain or frequency-domain descriptions can be used. Dis-
cussions of frequency-domain and time-domain methods can

Ž . Ž .be found in Morari and Zafiriou 1989 and Mosca 1995 ,
respectively. For constrained MPC systems, the study of ro-
bustness has several facets, and is at a less mature stage. Ro-
bust stability results for constrained MPC, within the frame-

Ž .work set by Rawlings and Muske 1993 , have been presented
by a number of investigators, including Genceli and Nikolaou
Ž . Ž .1993 , Michalska and Mayne 1993 , Zheng and Morari
Ž . Ž . Ž .1993 , Chen and Allgower 1998 , Lee and Yu 1997 , Badg-¨

Ž . Ž .well 1997 , de Nicolao et al. 1998 . The purpose of this work
is to examine a different aspect of constrained MPC robust-
ness, namely, robustness with respect to satisfaction by the
actual system of inequality constraints posed in the on-line
optimization problem. While inequality constraints that place
bounds on process inputs can be easily satisfied by the actual
system, constraints on process outputs are more elusive. That
is because future process outputs within an MPC moving
horizon have to be predicted on the basis of a process model
Žinvolving the effects of manipulated inputs and disturbances

.on process outputs . Because the model involves uncertainty,
process output predictions are also uncertain. This uncer-
tainty in process output predictions may result in adverse vio-
lation of output constraints by the actual closed-loop system,
even though predicted outputs over the moving horizon might
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have been properly constrained. Consequently, a method of
incorporating model uncertainty into the output constraints
of the on-line optimization is needed. This would improve
the robustness of constrained MPC. In this article, we intro-
duce an approach toward achieving that goal.

The proposed approach relies on formulating output con-
straints of the type y F yF y as chance constraints ofmin max
the type

� 4Pr y F yF G a ,min max

� 4where Pr A is the probability of event A occurring, y is the
process output bounded by y and y , and a is the speci-min max
fied probability, or confidence level, that the output con-
straint would be satisfied. Under the assumption that the
process output y is predicted by a linear model with normally
distributed coefficients, the preceding chance constraint can
be reformulated as a convex, deterministic constraint on
process inputs. This new constraint can then be readily incor-
porated into the standard MPC formulation. The resulting
on-line optimization problem can be solved using reliable
convex optimization algorithms.

The rest of the article is structured as follows. We first
provide a brief overview of stochastic programming and
chance-constrained optimization. Next, we show how the
MPC on-line optimization problem can be cast as a chance-
constrained problem. Subsequently, we present an example
of using chance-constrained MPC on a high-purity distillation
column, an ill-conditioned system. Finally, we draw conclu-
sions and make suggestions for further research.

Stochastic Programming and Chance-Constrained
Optimization

Stochastic programming is an optimization technique in
which the constraints or objective function of an optimization
problem contain stochastic parameters. Chance-constrained
optimization is one method of stochastic programming that
attempts to reconcile optimization over uncertain constraints
Ž .Charnes and Cooper, 1963 . The constraints, which contain
stochastic parameters, are guaranteed to be satisfied with a
certain probability at the optimum found. A typical chance-
constrained stochasticprogramming problem has the follow-

Ž .ing form Birge and Louveaux, 1997 :

min f xŽ .
x

s.t. g x F0Ž .1

Pr g p , x F0 G a 2� 4Ž . Ž .2

n Ž .where xgR is the decision variable vector; f x gR;
Ž . m1 Ž . m2g x gR ; and g p, x gR contains the stochastic pa-1 2

rameter vector pgR p. If the probability density function of
� Ž . 4p is known, then the probabilistic constraint Pr g p, x F02

G a can, in principle, be substituted by a deterministic con-
Ž .straint of the form g x F0, so that the entire optimization3

problem can be handled as an ordinary nonlinear-program-
ming problem.

Depending on the form of g , the explicit form of g can2 3
be difficult to obtain. The task of developing an explicit closed

form for g is greatly simplified if g is affine in the parame-3 2
Ž . Ž . Ž . Ž .ter vector p, that is, g p, x s A x pq b x , where A x g2

R m2=p.
For situations in which the stochastic parameters p can be

separated from the decision variable x in a constraint, such
as

Pr g x F p G a , 3� 4Ž . Ž .2̃

the deterministic equivalent can be found fairly easily by us-
Ž .ing the probability density function pdf of p to find a value,

b , from

`
a s ??? pdf p dp 4Ž . Ž .H H

b

Ž .such that if g x F b , then Eq. 3 holds.2̃
Linearly constrained problems with normally distributed

stochastic parameters can also be handled efficiently. Con-
sider, for example, a constraint of the form

Pr aT Mxq c F b G a , 5� 4Ž . Ž .

where a is a normally distributed vector with mean a and
TŽ .covariance P . Since a Mxq c is a linear transformation ofa

TŽ .a, then it is normally distributed. The mean of a Mxq c is
TŽ .a Mxq c , and its variance

TTVar a Mxq c s Mxq c P Mxq c . 6Ž . Ž . Ž . Ž .a

Using Eq. 6, we can then rearrange the constraint in Eq. 5 to
the standard normal form

T T Ta Mxq c y a Mxq c by a Mxq cŽ . Ž . Ž .
Pr F

T T½ 5' 'Mxq c P Mxq c Mxq c P Mxq cŽ . Ž . Ž . Ž .a a

G a . 7Ž .

Then using the value of the confidence level, a , we get

Tby a Mxq cŽ .
G K , 8Ž .aT' Mxq c P Mxq cŽ . Ž .a

where K is the value of the inverse cumulative distributiona

function of the standard normal distribution evaluated at a ,
y1Ž .usually denoted as F a . Hence the stochastic constraint

of Eq. 5 can be recast as the deterministic constraint of Eq.
8. Note that Eq. 8, rewritten as

TT 'a Mxq c F by K Mxq c P Mxq c , 9Ž . Ž . Ž . Ž .a a

indicates that merely replacing a by a in Eq. 5 and then re-
placing Eq. 5 by the deterministic inequality

Ta Mxq c F b 10Ž . Ž .
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is not correct, because it can lead to violation of the con-
straint

aT Mxq c F b , 11Ž . Ž .r

where a is a realization of the random variable a, with highr
probability. As will become clear in the sequel, this observa-
tion is important for MPC systems employing output inequal-
ity constraints and uncertain models in which parameters ap-

Žpear linearly such as linear, Volterra, Hammerstein, and
.Wiener .

Chance-Constrained MPC
Consider a process whose output y must stay below an

upper bound y . This requirement would normally bemax
translated into a set of MPC constraints of the form

<y kq i k F y , is1, . . . , n 12Ž . Ž .max c

that would have to be incorporated in an optimization prob-
lem solved at time k. Process output constraints such as in
Eq. 12, included in the MPC on-line optimization problem
over a finite horizon, involve prediction of future values of

Ž < .process outputs y kq i k . This prediction is made with the
use of a model and is never exact. One way to describe the

Ž .uncertainty in future output predictions is to consider 1 un-
certainty in the model describing the effect of manipulated

Ž .variables on process outputs, and 2 uncertainty in future
disturbances. Both kinds of uncertainty are difficult to cap-
ture. For example, model uncertainty can be described as
parametric uncertainty or structural uncertainty. Similarly,
disturbance uncertainty can be described in terms of a
stochastic model, but that model might vary drastically with
time. Therefore, quantification of the uncertainty of future
output predictions cannot possibly capture all possible cases.
In this article we focus on a particular case described in de-
tail below.

Ž < .The future output prediction y kq i k , made at time k,l
is given by the linear model

N

< <y kq i k s h u kq iy j kŽ . Ž .Ýl l1, j 1
js1

N

< <q ??? q h u kq iy j k q d kq i k . 13Ž . Ž .Ž .Ý lm , j m l
js1

The preceding model can be used for stable processes, for
which it can capture dynamics of any order. The prediction

Ž .made by this model has two sources of uncertainty: 1 the
Ž .uncertain coefficients h , and 2 the uncertain future dis-lk, j

Ž < .turbance d kq i k . To simplify the presentation, we will as-l
Ž < . Ž < .sume that d kq i k s d k k . Moreover, we will assumel l

Ž < .that d k k can be estimated asl

N

< <d kq i k s d k k s y k y h u ky jŽ . Ž . Ž . Ž .Ýl l l l1, j 1
js1

N

y ??? y h u ky j . 14Ž . Ž .Ý lm , j m
js1

In practice, Eq. 14 implies that the disturbance does not con-
tain any high-frequency components, or that these frequen-
cies are filtered out in the feedback path. After substitution
and rearrangement using the relationships s sÝi h ,lk ,i js1 lk , j
is1, 2, . . . , between the step- and impulse-response coeffi-

nŽ . Ž . Žcients s and h , respectively, and Du k s u k yu klk, j lk , j i i i
.y1 , the impacts of future control moves and past control

moves are separated, as

i

< <y kq i i s s Du kq iy j kŽ . Ž .Ýl l1, j 1
js1

i

<q ??? q s Du kq iy j kŽ .Ý lm , j m
js1

N y1

q s y s Du ky jŽ . Ž .Ý l1, iq j l1, j 1
js1

N y1

q ??? q s y s Du ky j q y k , 15Ž . Ž . Ž . Ž .Ý lm , iq j lm , j m l
js1

or in vectorrmatrix notation,

. . DuD L 0 1, fi .
..T T . .< 0 0y kq i k s s ??? sŽ . .l l1 lm .. . Du0 D L m , f. i

. . DuF y F 0 1, piq1 1 .
. .T T . .0 0q s ??? s . .l1 lm . . Du0 F y F m , p. iq1 1

q y k , 16Ž . Ž .l

where s gR N; Du gR M and Du gR Ny1 are the fu-l j j, f j, p
ture and past input moves, respectively; p) N; and the ma-
trices D , F , and L are as follows:i i

I 0i=i N=ND s gRi 0 0Nyi=Ny i

.

.0 0iy1=py i iy1=Ny1ypq i.. . . . . . . . . . . . . . . . . . . . . . . . . . . . ..
1 0 ??? 0 . 0 ??? ??? 0... . . .. . p=Ny1. . . . . . . .F s gR0i . . . . .. ... . . . ... . . . .0 0 0.. . . .. . 1 ??? ??? 10 ??? 0 1 .

.

0 ??? 0 1
. . .. . . 0. .. .. . . p=M. .0Ls gR .. . .
1 0 ??? 0

. . . . . . . . . . . . . .
0pyM=M

If the coefficient vectors s are random variables, then byl j
Ž < .Eq. 16 the output prediction y kq i k is also random. Con-l
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sequently, instead of the constraint in Eq. 12, one has to con-
sider a constraint of the form

<Pr y kq i k F y G a , is1, . . . , n . 17� 4Ž . Ž .l max c

Ž < .Using Eq. 16 to substitute y kq i k into the precedingl
equation yields

Pr sT A Du q B Du F y y y k G a ,Ž .Ž .� 4i f i p l ,max l

is1, . . . , n . 18Ž .c

where

Tn T Ts s s ??? s 19Ž .l1 lm

. .D L 0i .
.n .0 0A s 20Ž ..i . . 0 D L. i

. .F y F 0iq1 1 .
.n .0 0B s 21Ž ..i . . 0 F y F. iq1 1

Du1, f
.n .Du s 22Ž ..

Dum , f

Du1, p
.n .Du s . 23Ž .p .

Dum , p

The preceding equation is of the form of Eq. 5. Assuming
that s is normally distributed with mean s and covariance P ,s
one can use Eq. 9 to convert Eq. 18 to its deterministic coun-
terpart

Ts A Du q B Du F y y y kŽ .Ž .i f i p l ,max l

T
y K A Du q B Du P A Du q B Du ,'Ž . Ž .a i f i p s i f i p

is1, . . . , n , 24Ž .c

where the decision variable is the vector Du .f

Remarks
v For the case of a minimum bound on the output, the

development of the corresponding chance constraint follows
the same path.

v The constraint in Eq. 24 is convex. Indeed, the preceding
constraint can be written as

T T 0.5s A Du q s B Du q K P A Du q B DuŽ .i f i p a s i f i p 2

F y y y k , 25Ž . Ž .l ,max l

which is the sum of a norm plus a linear function, hence con-
vex. In addition, the previous constraint is deterministic and
can be easily incorporated into the standard model-predictive
control algorithm.

v When the MPC on-line optimization problem becomes
infeasible due to excessively tight output constraints, those
constraints can be softened through the introduction of addi-

Ž .tional softening variables Zafiriou and Chiou, 1993 as

<Pr y kq i k F y qe G a , is1, . . . , n . 26� 4Ž . Ž .l l ,max l , i c

In that case Eq. 18 becomes

TT w xPr s A y1 Du e q B Du½ ž /i f i i p

F y y y k G a , is1, . . . , n , 27Ž . Ž .5l ,max l c

which, in turn, can be converted to a corresponding deter-
ministic inequality using Eq. 9.

v For an output-constrained MPC system employing a
process model with uncertain parameters, a simple determin-
istic constraint of the form

Ts A Du q B Du F y y y k , is1, . . . , n 28Ž . Ž .Ž .i f i p l ,max l c

is usually formulated. That constraint fails to account for the
uncertainty in the process-model parameters, captured by the
last term in Eq. 24. That term involves the covariance matrix
P of the model parameters, which is usually obtained ins
standard least-squares identification experiments, along with

TŽ .the parameter estimates. If the matrices s A q B are noti i
well conditioned, then the effects of inputs Du and Du onf p
outputs will be highly sensitive to uncertainties in the coeffi-
cients of these matrices. As we are going to demonstrate in
the case study that follows, this can happen in systems with
outputs that are highly correlated.

v One alternative for the enforcement of output con-
straints in the presence of process-model uncertainty would
be to simply tighten those bounds, independently of process
inputs. However, there are two difficulties with that ap-

Ž .proach: 1 process output bounds may have to be made ex-
cessively tight, thus making the overall closed-loop system

Ž .unnecessarily conservative, and 2 to avoid that conser-
vatism, output bounds may not be made tight enough, thus
resulting in possible violation of output constraints.

Case Study
Process

A continuous-time, 5-state dynamic model of a high-purity
Ž .distillation process from Skogestad and Postlethwaite 1996 ,

sampled at a rate of 2 min, was used to analyze the chance-
constraint formulation. The composition in the two output
streams was to be controlled by reflux ratio and boilup rate
in an LrV feedback control configuration, as shown in Fig-
ure 1. The process model is nearly singular, resulting in poorly
conditioned output constraints. The Hessian of the quadratic
MPC on-line objective is also poorly conditioned, resulting in
a challenging optimization problem.
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Figure 1. Distillation column.

Identification
The system used in the simulation is a multivariable system

with two inputs and two outputs, with n chance constraintsc
applied to each individual output. Thus there is a constraint-
softening term for each output at each of the n predictionsc
into the future, yielding a total of 2n constraint-softeningc
terms. Each output is predicted on the basis of the two finite

Ž .impulse-response FIR models corresponding to the two in-
puts. Using a vector representation, the model is arranged as
follows:

T Ty s s u1 11 12 1
s . 29Ž .T Ty s s u2 21 22 2

Figure 2a. Impulse response coefficients for relating the
( )inputs to output 1 200 I/////O, SNR=15 .

Figure 2b. Covariance matrix for impulse response co-
efficient estimates of Figure 2a.

To develop a process model and uncertainty description for
the purpose of demonstrating our method, we generated out-
put data from the aforementioned state-space model using a

Ž .pseudorandom binary sequence PRBS input with an ampli-

Figure 3a. Impulse response coefficients for relating the
( )inputs to output 2 200 I/////O, SNR=18 .

Figure 3b. Covariance matrix for impulse response co-
efficient estimates of Figure 3a.
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Figure 4a. Impulse response coefficients for relating the
( )inputs to output 1 500 I/////O, SNR=13 .

tude of 1. The output data were then corrupted with nor-
mally distributed noise with a given signal-to-noise ratio
Ž .SNR between 11 and 18. The SNR was defined as

w xSNRs10 log variance output rvariance noise . 30Ž . Ž . Ž .10

Standard least-squares techniques were then used to identify
Ž .multi-input]single-output MISO FIR models for each out-

put using the corrupted data. Because the objective of this
case study was to demonstrate how chance constraints can
handle a given level of modeling uncertainty, no further so-
phistication was used in estimating model parameters.

Three models were generated that show the benefits of
chance-constrained model-predictive control. Each model was
identified using a different number of input]output data
points}200, 500 and 1,000}and similar SNRs, yielding
models with differing levels of uncertainty. Figures 2 through
7 show the impulse-response coefficients and their corre-
sponding covariance matrices. Each of these models was then
utilized in the creation of two model predictive controllers,
the first corresponding to standard output-constrained MPC,
and the second corresponding to MPC with chance con-
straints.

Figure 4b. Covariance matrix for impulse response co-
efficient estimates of Figure 4a.

Figure 5a. Impulse response coefficients for relating the
( )inputs to output 2 500 I/////O, SNR=16 .

Figure 5b. Covariance matrix for impulse response co-
efficient estimates of Figure 5a.

Figure 6a. Impulse response coefficients for relating the
( )inputs to output 1 1,000 I/////O, SNR=11 .
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Figure 6b. Covariance matrix for impulse response co-
efficient estimates of Figure 6a.

Chance constraints
The input directions of maximum uncertainty for the three

models can be determined from the following optimization
problem, according to Eq. 24:

max xTPx
x

s.t. y1F x i F1, is1, 2,Ž .

Figure 7a. Impulse response coefficients for relating the
( )inputs to output 2 1,000 I/////O, SNR=13 .

Figure 7b. Covariance matrix for impulse response co-
efficient estimates of Figure 7a.

Figure 8. Process response to setpoint change y sp=
I5eI3, standard MPC used with model de-
veloped from 200 I/////O points.

w Ž . Ž .xTwhere xs u k u k and P is the Hessian for each of the1 2
models identified:

y4 y57.65=10 y2.95=10P s200 y5 y3y2.95=10 1.14=10

y4 y56.70=10 4.83=10P s500 y5 y44.83=10 7.93=10

y4 y65.28=10 2.44=10P s .1,000 y6 y42.44=10 5.41=10

The problem to be solved is the maximization of a convex
Žfunction over a convex set equivalent to the minimization of

.a concave function over a convex set that, in general, is NP-
Ž .hard Horst and Tuy, 1990 . The solutions of such problems

Figure 9. Process input to setpoint change y sp=I5e
I3, standard MPC used with model devel-
oped from 200 I/////O points.
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Figure 10. Process response to setpoint change y sp=
I5eI3, chance-constrained MPC used with
model developed from 200 I/////O points.

are always found on the boundary of the feasible region. For
a problem with very small dimensionality and symmetry, this
problem does not present any significant difficulty. The prob-
lem can be solved using standard constrained nonlinear opti-
mization techniques, and the symmetry of the constraints and
objective can be used to determine any degenerate solutions
to the problem. The optimization gives solutions at the four

Ž . Ž . Ž .corners of the feasible region: 1, 1 , 1, y1 , y1, 1 , and
Ž .y1, y1 ; depending on the starting point of the optimiza-
tion problem. By inspecting the values of the objective func-
tion at these points, the true optima can be determined. The
first objective, xTP x, predicts the optima to be at the points200
Ž . Ž .1, y1 and y1, 1 . The two subsequent objectives show the

Ž . Ž .optima to be at the points 1, 1 and y1, y1 . Due to the
gains and the ill-conditioning of the system, the optima for
the latter two objectives agree with the nature of the system.
This can be see in Figures 2 to 7. Since the cross-correlation
for the variables is rather small, the smallest data set actually

Figure 11. Process input to setpoint change y sp=I5e
I3, chance-constrained MPC used with
model developed from 200 I/////O points.

Figure 12. Process response to setpoint change y sp=
I5eI3, chance-constrained MPC used with
model developed from 500 I/////O points.

estimated the cross-correlation to be negative, thus the change
in direction is due to the stochastic nature of the identifica-
tion.

Results
Results for standard MPC are presented in Figures 8 and

9, while results for chance-constrained MPC using the three
models are shown in Figures 10 through 15. These figures

Žshow the closed-loop responses of the two outputs top and
. Ž .bottom compositions and inputs reflux rate and boilup rate

to a setpoint step change in the top temperature, output 1, of
magnitude y5=10y3. The bottom temperature, output 2, was
constrained by a lower bound of y1=10y3, and for the
chance-constrained MPC the probability of constraint viola-
tion was set to 0.01. Figure 8 shows that application of stan-
dard MPC to the system resulted in frequent and large viola-
tions of the output bound. In contrast, application of

Figure 13. Process input to setpoint change y sp=I5e
I3, chance-constrained MPC used with
model developed from 500 I/////O points.
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Figure 14. Process response to setpoint change y sp=
I5eI3, chance-constrained MPC used with
model developed from 1,000 I/////O points.

chance-constrained MPC succeeded in preventing violation
of the output bound. All simulations were accomplished in
the MATLAB environment using the Numerical Analysis

Ž .Group NAG nonlinear-constrained optimizer and the con-
troller described in Table 1.

One way of attempting to deal with the problems associ-
ated with standard output-constrained MPC is to tighten the
bounds placed on the process outputs. Figures 16 and 17 show

Figure 15. Process input to setpoint change y sp=I5e
I3, chance-constrained MPC used with
model developed from 1,000 I/////O points.

Figure 16. Process input to setpoint change y sp=I5e
I3, standard MPC with tightened con-
straints used with model developed from 200
I/////O points.

how this procedure can still lead to output bounds violation.
Process outputs are predicted based on the process model.
Since this model is uncertain, the output can be predicted to
be within bounds, while in actuality the output violates the
bounds. In the case examined here, the bound is close to the
setpoint, so that even placing the bound at the setpoint causes

Figure 17. Process input to setpoint change y sp=I5e
I3, standard MPC with tightened con-
straints used with model developed from 200
I/////O points.

Table 1. MPC and Chance-Constrained MPC Parameter Values
pMy1 y ye F ymin2 S P 2 2Ž < . w Ž < . xMPC Terms r Du kq i k y kq i k y y Pr G a qeÝ Ý ½ 5yF y qemaxis 0 is1

S PMPC Parameter M r p y y y a qmin max
y3 y3 3Standard output- 4 0.02 14 y5=10 y10 ` Nra 10

constrained MPC
y3 y3Chance- 4 0.02 14 y5=10 y10 ` 99% 3

constrained MPC
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bounds violation. Note that placing the bound above the set-
point would cause offset.

Note that in all simulation output constraints were soft-
ened only when infeasibilities would result without softening.

Discussion and Future Research
In this work, we focused on robustness of constrained MPC

with respect to satisfaction of process output constraints by a
closed-loop MPC system that employs an uncertain process
model. We proposed to enhance MPC robustness by formu-
lating process output constraints as chance constraints. Simu-
lations comparing the performance of the chance-constrained
MPC formulation vs. that of standard MPC with output con-
straints showed the ability of the proposed approach to im-
prove the robustness of MPC with respect to output con-
straint satisfaction. For the high-purity distillation column, a
nearly singular system, studied in the simulations, the origi-
nal output constraints were violated frequently and to a large
degree when standard MPC was used, even with extremely
large penalties on the constraint-softening variable e . With
the use of chance constraints, violation of output constraints
was drastically reduced or eliminated.

While chance output constraints were used in this work
within a standard MPC framework, there are several possibil-
ities for using chance constraints in other control frame-
works, such as stabilization of uncertain processes or com-
bined MPC and identification, where process modeling un-
certainty can be naturally incorporated in the on-line opti-
mization problem. In addition, uncertainty in future output
predictions due to stochastic disturbances may also be incor-
porated in the proposed framework.
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